
 

 

 
 

(15)   7.7   Indeterminate Forms and I 'Hopital's Rule (A) 
 
Using Logarithmic  To Find Limits: 
 ln lim௫→௔ ݂ሺݔሻ = lim௫→௔ ln ݂ሺݔሻ ܨܫ ln lim௫→௔ ݂ሺݔሻ = ⇒     ܮ   lim௫→௔ ݂ሺݔሻ = ݁௅ ݁୪୬ ௔ = ܽ ݁଴ = 1 ݁ஶ = ∞ ݁ିஶ = 0 
 

 
Indeterminate form: 
Indeterminate 

form 
00 

±∞±∞ 0 ∙ ±∞ 0଴ ∞଴ 1ஶ ∞ − ∞
 ଴଴     ±ஶ±ஶ   

Guidelines 
ܮ = lim௫→௔ ݂ሺݔሻ݃ሺݔሻ → ܮ 00 = lim௫→௔ ݂\ሺݔሻ݃\ሺݔሻ 

في  يمكن التكرار
حالة استمرار 

  النتيجة

Example ܮ = lim௫→଴ ݔ3 + sin ଶݔݔ + ݔ2 → ܮ 00 = lim௫→଴ 3 + cos ݔ2ݔ + 2 = 3 + 10 + 2 = 2 
 0 ∙ ±∞ 
Guidelines 

ܮ = lim௫→௔ ݂ሺݔሻ ݃ሺݔሻ → 0 ∙ ܮ ∞± = lim௫→௔ ݂ሺݔሻ1݃ሺݔሻ → ܮ 00 = lim௫→௔ ௫ܦሻݔ௫݂ሺܦ ൬ 1݃ሺݔሻ൰ 

Example 
ܮ = lim௫→଴శ ݔ ln ݔ → 0 ∙ ܮ ∞− = lim௫→଴శ ln ݔ1ݔ → −∞∞ ܮ = lim௫→଴శ

ଶݔቀ−1ݔ1 ቁ  

ܮ = lim௫→଴శ ݔ1 ÷ ଶݔ1− = lim௫→଴శ ݔ1 ∙ ଶ1ݔ− = lim௫→଴శሺ−ݔሻ = 0 
 Numerator degree = Denominator degree lim௫→ஶ ଷݔ4 − ݔ5 + ଷݔ17 + ݔ2 − 3 = 47 

في البسط سأ اكبر معامل
مقامال في  سأ اكبر معامل

 
Numerator degree درجة البسط تساوي درجة المقام > Denominator degree lim௫→ஶ ହݔ2 − ݔ3 + ଶݔ1127 + ݔ9 − 5 = ∞   ∞ 
Numerator degree درجة البسط أكبر من درجة المقام < Denominator degree lim௫→ஶ ସݔ3 + ݔ7 + ହݔ117 − ݔ − 4 = 0 0 
 درجة البسط أصغر من درجة المقام



 
 

Exa

ܮ ൌ l௫
ݔൌܴ   lܮ 
→ݔൌܴ  liܮ 
 

Exa

ܮ ൌ ௫
ݔ   ൌܴܮ 
→ݔൌܴ  lܮ 
 
 

Exa

ܮ ൌ l௫
ଵܮ  ൌ
ଶܮ ൌ
ൌ ܮൌܴܮ          
 

ample 1

lim௫→଴ cos ݔ3 െݔim0→ݔ െ3 sin 3
im→0 െ9 cos 3
ample 2

lim௫ →଴శ ݔ sin1 െ colim0→ ݔ൅ sinh െim→0൅ݔ cosh ݔ ൅
ample 3

lim௫→ஶ ݔ sin lim௫→ஶ ݁ି௫ݔ1 ൌ
lim௫→ஶ ݔ sin 2ݔെ1  ∞→ݔൌܴ    limݔ1
ଵܮ ൅ ଶܮ ൌ
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1 Find 

െ cos ଶݔݔ5 ൌ3ݔ ൅  5 sin ݔݔ52 ൅  25 cos2
2 (2 pts)

nh oshݔ ݔ ൌ 0ሺ01 െ൅ ݔ cosh sinhݔ ݔ ൌ൅ cosh ݔ ൅ െݔ cosh ݔ
3 Find 

൅ lim௫→ஶ ݁ି௫
ൌ ݔ1 0 ൌ lim௫→ஶ  si
1   cos 2ݔെ1ݔ1   ൌ1 ൅ 0 ൌ 1 

Indetermin

 5168855

lim௫→
ൌ 1 െ 10 ൌ ݔ005 ൌ ݔ5  00 ൌ െ9൫1
) Find the fo

0ሻെ 1 ൌ 00 

ൌ ݔ  00 sinh ݔ ൌ 1
lim௫→ஶሺݔ sin

 

in ݔ1ݔ1 ൌ 00  
limݔ→∞    cos ݔ1

 

nate Forms a

             

m→଴ cos ݔ3 െݔଶ
00 

1൯ ൅  25൫1൯2 ൌ
ollowing lim

1 ൅ 1 ൅ 0െ1 ൌ
n ݔ1 ൅  ݁ି௫ሻ

ݔ1 ൌ cos 0 ൌ

and I 'Hopit

              

cos ଶݔ5  

Solution

ൌ 162 ൌ 8 

mits. lim௫ →଴
Solution

െ2 

Solution

1 

tal's Rule (A

              

mశ ݔ sinh 1ݔ െ cosh

A)                

    غانم سام

 ݔ

             P2

حس

20  No

SECO

2 

ovember  2

34   July 9

OND SEME

006 A

, 2011

STER 
87/88



 

Exa

 

ܮ ൌ l௫
 

ݔൌܴ lܮ   
 

Exa

ܮ ൌ l௫ lim௫→
 

  ൌܴܮ    
 
 

Exa

ܮ ൌ  ௫
→ݔൌܴ limܮ
→ݔൌܴ  limܮ 
ൌحل آخر  lim௫→
 
 

ample 4

lim௫ →଴ lnሺݔ ൅݁ୱ୧୬ ௫ െ
lim0→ ݔ sin݁ݔ1 ݔ co
ample 5

lim௫→ஶ ݔlnሺ|ݔ
→ஶ ݔሺlnሺݔ െ
limݔ→∞ ݔݔ      െ

ample 6

lim௫→଴ sinିଵሺ1
m→0  siට1 െ ൫12
m→0  2 ඥ2 cos
2√ ݔm→଴  2 ح co
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4  

Find t

൅ ݁௫ሻെ cos ݔ ൌ l1൅ ൅ݔ݁ sݔ݁ ݔ ൅ sin ݔ ൌ
5 Find 

െ 1ሻ െ lnሺݔെ 1ሻ െ lnሺݔ
1 ቈݔ െ ൫ݔ െ2ݔെ12ݔ

6 Find 

1 െ cos ଶݔሻݔ ൌn െݔ cos ݔ൯22ݔ   
s ݔ െ cos2 ݔ
sin osݔ ݔ െ cosଶ

Indetermin
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the limit if i

n 1െ 1 ൌ 00 

ൌ 1 ൅ 10 ൅ 1݁0൫1൯ ൅ 0
lim௫→ஶ ሺlnሺݔ

|ሻݔ ൌ ∞ሺ∞ݔሻሻ  ൌ  lim௫1൯቉      ൌ lݔ
lim௫→଴ sinି

ൌ 00  
ൌ limݔ2  0→ݔ ඥcos ൅ݔ ݔ2 ∙ െ2 s2 ඥ

ଶ ݔ ൌ  lim௫→଴  
 

nate Forms a

             

t exists 

S

0 ൌ 21 ൌ 2 

ሺݔ െ 1ሻ െ ln
∞ െ ∞ሻ 

௫→ஶ ୪୬ቀೣషభೣ ቁభೣ
limݔ1  ∞→ݔ൫ݔ െെ12ݔ

ିଵሺ1 െ cos ଶݔݔ

sinඥ1 െ 1 ൅ 2 c
sin ݔ ൅ 2 cosඥ2 cos ݔ െ c12 ∙ sin ∙ ݔݔ  √

and I 'Hopit

              

lim௫ →଴ lnሺ݁ୱ୧୬
Solution

nሺݔሻሻ 

Solution

ൌ ୪୬ ଵ଴ ൌ ଴଴ 
1൯  ൌ limݔ  ∞→ݔ
ሻݔ

 

Solution

cosݔ  ݔ െ cos2
s ݔ sin cos2ݔ ݔ ൌ 2

1√2 cos ݔ െ c

tal's Rule (A

              

ሺݔ ൅ ݁௫ሻ௫ െ cos  ݔ

n 

െ2ݔ2ݔ െ ൌ ݔ െ

2 ݔ ൌ lim212  0→ݔ ൅ 0 ൌ 12   
cosଶ ݔ ൌ 12

A)                

    غانم سام

െ1  

sin ඥ2 ݔ2ݔ cos   ݔ
∙ 1 ∙ 1√2 െ 1

             P3

حس

35   2 No

(4 pts 

െݔ cos2 ൌ ݔ

1 ൌ 12 

 

ovember  

) 

7  July 

9  October 

ൌ 00  

2011

 1997

 1998



 
 

Exa

ܮ =  ௫
 

→ݔl   ܴ=ܮ
→ݔl   ܴ=ܮ 
 

Exa

lim௫→ஶ   
→ݔlim ܴ=ܮ
 

Exa

 

  ܴ=ܮ    
 

Exa

ܮ =  ௫
 

 ܴ=ܮ    
 
 

ample 7

 lim௫→଴శ ln(sinln(si
im→0+  1sin−1 2ඥ1ݔcsim→0+ −2ݔ − ݔ
ample 8

ݔ3 + ln(coݔ + ln(ݔm→∞   3 + sinhcos1 + ݔ1 +
ample 9

lim0→ݔ   tan−1
ඥ

ample 1

lim௫→గଶష     sinିln
 lim௫→గଶష     √1
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7 Find 

nିଵ n(ݔ (ݔ  =  −−
∙ ݔ  1ඥ1 − 2cosݔ sinݔ ݔ se2ݔ   sin−1  ݔ
8 (3 pts 

osh(ݔ))ݔ + 1) = ∞∞h hݔ +1ݔ 1 = limݔ→∞   
9 Evalu

ݔ + 2ݔݔ + 11ඥ1 − 2ݔ
10 Eval

ିଵ(cos n(sin(ݔ (ݔ  =
− sin 1ݔ − cosଶ cosݔ sinݔ ݔ  

Indetermin

 5168855

lim௫→଴శ ln(ln
−∞−∞   

=  lim0→ݔ+  sinec2 +ݔ ඥ1 − 2ݔ  
) Evaluate 

∞∞ 3 + tanh 1ݔ + ݔ1 + 1
ate lim௫→

 = 0 + 01  =
luate l௫
=  00 

 = lim௫→గଶష
−scs

 

nate Forms a

             

(arcsin n(sin(ݔ (ݔ  

sin n−1ݔ ݔ cos ݔ ඥ
∙ 1ඥ1 − = 2ݔ
the limit 

= 3 + 11 + 0 = 4
m→଴ ݔ tanିଵ sinିଵݔ ݔ

ܮ =  lim
= 0 

lim௫→గଶష sinିଵ(ln(si

sin sinݔ cosݔ sinݔ ݔ = lim௫→

and I 'Hopit

              

Solution

ඥ1 − = 2ݔ ݔ
= 10 + 1 = 1

lim௫→ஶ 3
Solution

4 

 

Solutionm௫→଴   ௫ ୲ୟ୬షୱ୧୬షభ

cos in(ݔ (ݔ  

Solution

m→గଶష −1cos sinݔ ݔ =

tal's Rule (A

              

lim0→ݔ+  tsin−1
1 

ݔ + ln(coshݔ + ln(ݔ +

షభ ௫భ ௫  =  ଴଴  

= lim௫→గଶష   − sicos

A)                

    غانم سام

tan ݔݔ ඥ1 − = 2ݔ

h(ݔ))+ 1)  

in sݔ ݔ = lim௫→గଶష

             P4

حس

14 

= 00   

40 

26

3

ష  − tan ݔ   

4 

 December 

0 August 7 

6 January  2

33   June   2

=  −∞ 

 1998

, 2011

006 A

009 A



(15)   7.7   Indeterminate Forms and I 'Hopital's Rule (A)                             P5 

 65168855                                              غانم حسام 

 

Homework 
 

1 Find lim௫→ஶ ݁௫ ln(1 + ݁ି௫) 10 March  1999

2 Find lim௫→଴ ݔ − tanିଵ ଶݔݔ  11  October  1999

3 Find the following limits lim௫→ଵ ln(݁ (ݔ − ݁௫ିଵ(ݔ − 1)ଶ  13  March  2001 A

4 Find lim௫→଴ ln(cos sin ݔ(ݔ ݔ  23  November  2007 A

5 Evaluate b such that lim௫→଴ sin ݔ3 − ݔ3 + ଷݔଷݔܾ = 0 

6 Evaluate lim௫→଴శ ൬ 1tan ݔ − ൰ 19  May  2001ݔ1

7 Evaluate lim௫→ஶ tanିଵ(ln ݔ − sinh January  2004 A  21 (ݔ

8 Find lim௫→଴ tanିଵ(ݔଶ)1 − cos ݔ  10 March  1999

9 Evaluate lim௫→଴ ݔ + sin tanିଵݔ ݔ  May  1999 A

10 Find the following limits lim௫→଴శ ൬1ݔ − csc ൰ 26  July  2008 Aݔ

11 Evaluate lim௫→గଶశ(sec ݔ − tan May   2004 33 (ݔ

12 Evaluate lim୶→଴శ ቆ 3గ௫tan ݔ − cosଶ sinݔ ݔ ቇ 35  December  2004 A

13 Find lim௫→ஶ ln ݔ√ + 10ln ݔ2√ + 4 5  October  1996

14 Evaluate lim௫→଴ ଷ௫݁ݔ − 1ݔ − cos May   1995   2 ݔ2

15 Evaluate lim௫→଴ ൬ ଶݔ1 − ଶݔ1 sec ൰ 9   May   1997ݔ



(15)   7.7   Indeterminate Forms and I 'Hopital's Rule (A)                             P6 

 65168855                                              غانم حسام 

Homework 
 

16 Evaluate lim௫→ஶ ln 2 + ݁௫3ݔ  9   May   1997

17 Evaluate lim௫→ଵశ ൬ ݔ1 − 1 − lnݔ ൰ 13   May   1998ݔ

18 Evaluate lim௫→଴శ cot lnݔ ݔ  25   December   2001

19 Evaluate lim௫→଴శሺtanିଵ ሻݔ csc June   2005   37 ݔ

20 Evaluate lim௫→ଵశ ൬ 1ln ݔ + 11 − ൰ 39   December   2005ݔ

21 Evaluate lim௫→ஶ ln ሺln ݔ√ሻଶݔ  40   May   2006

22 Evaluate lim௫→ଵశ ൬ ݔ1 − 1 − 1tanሺݔ − 1ሻ൰ 14  November    1998

23 Evaluate lim௫→଴శሺcoth ݔ − cot ሻ 15   December   1998ݔ

24 Evaluate the limit , if it exists lim௫→଴ ݁ି௫మ − ݔ1 sin ݔ  30   April 11, 2010

25 Evaluate the following. lim௫→଴ ൬ ݁௫sin ݔ − ൰ [2 mark] 31   10 July 2010ݔ1

26 (2 points ) Evaluate the following limit lim௫→଴ cosሺ2ݔሻ − ݁ଷ௫మݔଶ  50  Dec. 15, 2009

27 ( 3 pts.) Find the following limit, if it exist lim௫→଴ ݔ − sinିଵ 1ݔ − cosh ݔ  
53  11 December 

2010 

28 Evaluate the following limit, if it exists lim௫→ஶ tanିଵ ቆ√ݔଶ + 1ln ݔ + 1ቇ 35  January  24, 2010

29 Evaluate lim௫→ஶ ߨ   − 2 tanିଵ ߨݔ − 2 secିଵ  37  August 7, 2010 ( (points 3) ݔ

30 (3 pts. ) Evaluate the following limit lim௫→ଷ ሺ2௫ − 3ሻ tanିଵሺݔ − 3ሻlogଷሺݔሻ − 1  38   Jan. 22, 2011 



 

31 

32 

33 

34 
 
 

Find 

Find  ௫
Evalua

Find 

(15)   7.7   

65 

lim௫→଴శ   
lim௫ →௘ lnሺ lnݔ −
te lim௫→ଵశ ൬

lim௫→଴   √

Indetermin

 5168855

൬coth ݔ − ሻ݁ݔݔ1  

൬ 1ln ݔ − ݔ −arctan ଶݔ√ݔ + 1 −
  

nate Forms a

             

Ho

൰ if itݔ1

1− 1൰ 

ଶ− 1 

and I 'Hopit

              

omewo

t exist         

tal's Rule (A

              

ork 

                  

A)                

    غانم سام

           ( 4 p

             P7

حس

pts ) 14 

SECOND

20  Ja

5  

7 

  June 4 , 2

D SEMESTER

anuary  20

October  

011 

R 87/88

001 A

1996



 

ܮ ൌ   ௫
→ ݔൌܴ  liܮ 
 
 

 

ܮ ൌ ௫
    ൌ  
 

 ൌܴܮ     
 ൌܴܮ    

ൌ ܮ ௫
ݔൌܴ   lܮ 
 

32 

lim௫ →௘ lnሺ ln ݔݔ − ݁
im→݁     1ln ∙ ݔ 1ݔ 

33 

lim௫→ଵశ ൬ 1ln ݔ −
lim௫→ଵశ ൬ݔ − 1ሺݔ −
 lim1→ݔ+ 1 −ln ݔ +
lim௫→ଵశ

ݔଶ1ݔ1 + ݔ1
34 

lim௫→଴  tanି√ݔଶ +
im1ݔ2  0→ݔ + 2ݔ2ඥݔ2ݔ +
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Find 

ሻ݁ݔ ൌ ݔ1   00   ൌ 11 ∙  1݁  
Evalu

− ݔ1 − 1൰ ൌ1 − ln −ݔ 1ሻln ݔ ൰ ൌ
− +ݔ1 ݔ − ݔ1  ൌ liݔ→
ଶݔ1  ൌ  12   

Find 

ିଵ +ଶݔ 1 − 1   ൌ  
4+ 1  ൌ lim2  0→ݔ

Indetermin

 5168855

 lim௫ →

ൌ ݁−1 

ate lim௫→
∞ − ∞ 

ൌ 00   
im→1+ 1 − lnݔ1 ݔ + 1

lim௫→
00   

ݔ2 ∙ 2ඥ2ݔ ݔ2+ ቀ1 + 4ݔ

nate Forms a

             

m→௘ lnሺ ln ݔሻݔ − ݁

m→ଵశ ൬ 1ln ݔ − ݔ

−ݔ1 ݔ1 ൌ 00   

m→଴   arctan√ݔଶ + 1

+ 1ቁ   ൌ lim2  0→ݔ

and I 'Hopit

              

Solution

ݔ1 − 1൰ 

Solution

 

ଶ1ݔ − 1 

Solution

2ඥ2ݔ + 11 + 4ݔ   ൌ

tal's Rule (A

              

ൌ 21 ൌ 2 

A)                

    غانم سام

             P8

حس

SECO

20 

 

OND SEME

 January  2

5  October 

STER 
87/88

001 A

 1996


